Reinforcement Learning: Homework #4 99
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I. Environment Setup

In [388]: import numpy as np
inmport randos
import seaborn as sns
from mpl_tooliits.mplot3d import Ases3D
from scipy.stats import multivariste_normal
import random
import math
import matplotiib.pyplot as plt
import sys
from sclpy.stats dmport podsson, beta,expon, kstest,binom

ii. Binary Sequences with No Adjacent 1s 1 O

Problem Background

Consider sequences of lengtn m consisling of 05 and 15. A SEQUENCE IS "good™ iT it nas no adjacent 15 The expecied number of 15 in a good segquence if all
poad sequences are equally Bely

Denotions

For genaral m, the expected numaer of 1 1s g = ¥, kay  where =, ts the probabiky that & pood sequence of length m has exacty k 15

There i no simple closed form expression for g S0, we use a semulation

| Pracessing mam: 102u

It x 15 & sequence of 0s and 15 of length wn, let rix} be the number of 15 in the Sequence. ASSUME We Can generate a uniformiy random sequence of length m
with no adjacent 1s. Doing this repeatedly and independentty. generating good sequences ¥y, ¥z_._. . ¥, we can generate a Monte Carlo estimate of the

desired expectation withj = w.j’w large a.Thus, the protiem of estimating u reduces itsed to the probilem of simulating a good sequence

The good sequence generation

The igea ks to construct an emgodic Markow chain X X, ... whose state space is the set of good sequences and whose limiting distribution is uniform on the
set of good sequences.

HX AN A XL

The Markow Chain is ten generaled and, as in e LG case, we fakeu = L for large n, 35 an MCMC estimate for Me desiied Sxpectation

The Markov chain

The Karkow chain ts constructed as a random walk on a graph whose vertices ane good sequences. Proceed as Tollows
Fram a given pood sequente, pck and of iLs m components uniformby at randem

IT the component & 1, then swiich £ 1o 0. The new sequence ks also a good sequence Move o ihe new sequence

If the companent s 0, then swilch i 10 1 only  the resuling sequence 15 good. If it is, then move o ihe new seguence. Otherwise, stay put and the walk slays
&l the cument state

In [3]: m = 188
n = 168868
seq = [@ for ¥ in range(m)]
chalnSeq - [seq]
m =B
for 1 in range{n):
randInt = nAp.randoa. randine (0, m)
if seg[randint] == 1:
seq[randInt] = 8
else:
if randInt == @:
if segfrandIintsl] == 8:
seq[randInt] = 1
elif randInt == (m-1}:
if seqrandInt-1] == 8:
seq[randInt] = 1

elag:
if segfrandintsl] == & and segirandint-1] == B:
seq[randInt] = 1
chainSeq.append(seq)
mu a= sum{seq)
m f= 0
print{mi)

27.83129

The above value is the MCMC estimaie for the expectad number of 15, g An exact analysis for s = 100 gives g = 27.83129

iil.Power-Law Distribution 1 O

Sodution For a proposal distribution. we use simple symmetnc random walk on the positive integers with reflacting boundary at 1. From 1. the walk atways
moves to 2. Otheratse, the walk moves |eft or night with probabiiity 1/2. The proposal chain transition matrix is
W Wi=izlfori>]
Ty=41. ifi=1andj=2
0 otherwise

The BCceptance Tunction is
£ w2 #usoan M
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Oterve that ali + 1,i) = 1, for all § The Metropolis-Hastings akgomihen can be Gescribed as follows. From state i = 2, Nip a tir ooin. If heads, goto i — 111
tails, set p = (i/{i + 1)1*2. Flip another coin whose heads probabdity is p. If heads, go o i + 1. If fils, stay at i if the chain s at 1, then move 1o 2 with
probatlity {1/2)% == (L177. Otherwise, stay af 1.

Thie chain wis fun for one milion steps.

In [287]:  T-100s888
sim=np,zeros{T)
simf@]=2
for i in range{1,T-1):
iF sim[i-1]==1:
probspow(8.5,2.5)
niew=np . randon. ehalee([1,2], size-1, replace-Trie, p-[1-prob,prab])
sim[i]-new
elsa:
probepow(@.5,2.5)
leftright-np.randon.choica([-1,1], size=1}
if leftright==-1:
sim[i]-sim[i-1]-1
else:
sinf[i]=np. random. chodce{[sim[1-1],1+sin{1-1]], slze-1,p=[1-prob,prob])
datassim[1888:T]

In [295]: plt.hist{data,ll, density-1, facecolor-'green’, alpha-8.5)
plt.ylabel(“freguency”™)
plr.xlabel(“data™)
plt.xlabel("Power:Law Distribution™)
plt.show )
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Power-Law Distrbiution

iv. Knapsack Problem 1 O

= i ireasunes wilh labeis iroam 1 to m, whese the th treasure is worth g, goid pieces and weghs o, pounds

The Mmaximum weight we can Camy 5 w pounds

e must Choose 3 vector x = (xy, ..., X, ), where x, & 1 if we choose the j Ih ireasure and 0 olhensise, such (hat ine Lotal weighl of the reasures j
with x; = | 15 at most

Let ' be the space of all such veciors, so C' consists of al binar vectors {x), ... . X, } with E;:
= e wishes to maximize the total worth of the reasure we takes.

p Ty =

The dynamic solution

def dynamic(maxneight, w. v, n):
start = tine time()

E = [[@ for x in range(maxdeight+1)] for x in range(n+1)]

[ Lomsing wktor BT e Sisn URaguar |

# puild table %[][] in bottom up manner

for £ in range{n + 1}z # 1 first items allowed
for  in range(maxheight + 1): & § max wight allowed
if | == @ or | a= @:
E[L][§] - @

elif wii-1] <= §:

E[11[3] = max{v[i-1] » K[2-2][F-w[i-11]. E[i-2][3D)
alsa:

K[L103] = k[i-1]1{]]

best = Kfn][maxikeight]
elapsed = time time() - Start
return best, elapsed

The MCMC solution

e can go from any x € € o {i1, [, ... . ) by dropping ireasures one al a time. We can go from (0.0, ... .01 fo any y € € by picking up treasures one at a
time. Comuining these. we can ga fram anywnere 10 anywhere, 5o the chain 15 freducible. To stuty penomicily, iet's ook at some simple cases. First consider
the smgle case where wy + - + i, < o, 1€, the man can camy all the freasure at the same time. Then all binary vectors of length m are abowed. So the
period of (0.0, .. () is 2 since, starting af that state, Bilbo needs bo pack up and then pul down a treasure in order to get back 1o Mat state. In tact, i Bilbo
starts at (0,41, ... . 00), afer any odd number of moves he will D2 caimying an odd number of reasures

Now consider the case where oy >, e, ihe first reasure 15 too heavy. From any x € C, there is & Llnr chance that the chain will try bo pick up the first
treasure, and i that happens, the chain will stay a8 x. 2o the period of each state ks 1

Algorithm
|—,.m—_|,_,,m We can apply Melropolis-Hastings wsing the chain from () 1o make proposats, Start & (0,0, ..., (). Suppose the current state i x = {(xy, ..., X} . Them

1. Choose a uniformiy rangam J in {12, ..., v}, and obtain y from x by replacing xp with 1 = x;
20 s notin C, stay 3 x. 1f p s in O, fip a coin that lands Heads with protatiity min { 1.c*07Y90 ) ifthe coin lands Heads, go lo p stherwise, stay
atx
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In [467]:

In [458]:

This chain will converge to the desined stationary distribution. Bul how should f be chosen If s very large, |en the best solutions are given very high
probabiity, but the chain may be very siow in converge %o ihe stationany distribution since 1 can easily get stuck in local modes: 1he cham may find itself ina
state which, whilz not glosally optimal, is stil better than the other states that can be reached m one steg, and then Me probabilty of rejecting proposals to go
elsewhere may be very high. On the other hand, # s ciose to ), then it's easy for the chain fo explore the space. but there SNt s mauch mcentive for ihe
chain io uncover good soluliens

def knapsack{times}:
#Fritialization
random. seed{133)
welght=-T2,2,6,6.4]
value-[5,3,5,4,8]
W=l18
i=1
1-1
selection=np.zenos(s)
candidates-np. reros| (times,5))
bengfits=np.zeros{timas)
total_welght=np.zeros(tines)
selection new=selection
chooseitem-np.arange(s)

#Helection Loop: here we repeatedly propose and accept/refect scemarios to toke on the trip
for m in range{times):
#here wg tune the nigorirﬂm ta help produce more explorgtion in the coses where the chain gets stick
if mfix500;
1-@.15
else;
=1
#aenerotion/Propesol Step: Here we rondoely select o bit to flip
i=np.randos. cholce(chopseltem, size=1})
selection_newsselection
if selection]jl==1:
selection_new[]]=-8
else:
selection_new[{]=1

#lccept/Refect Step: Mere we either advonce of foll to advance owr Markoy
#choin based on. the acceptance criteria that the weight be Less than V
#ond the choice meets the Metropolis-Hasting criteria.
if np.sum{welght*selection_new)sv:
selection=selection
if np.sum{weight*selection_new)<=V and np.randon.birondal(l,nin{1,np.exp{1®*(np. sun{selection_new*value)-np.sun{selection
selection=selaction_mew;
candigates[l]-selection_new;
benefits[i]=np.sun{value*selection_new);
total_welght[1]=np.sum{welght=selection_new);
1«41
temp-np.arange{times)
plt.plot{tesp[:3688], benaflts] :3800], "r-'}
plt.ylabel(“benefits™)
plt.xlabel("steps"})

print{“The max value is ",np.max{beneflts),”\n")

print{~The selection string is: “,candldates[np.uhere{benefits==np.max{benefits)yfa][a]]. ")
o *
knapsack( 1068#)

The max value iz 15.8

The seléction steing is: [1. . 8. @. 1.]

8 w0 w0 100 mon  mo0 W00
sep

Camments an the MCMC of Knapsack

As we can se= om the graph, it goes 1o asinngent quickly atier the starling point. and roughly 1akes 3000 times to get the results. However, the selection is nat
ahways the right ane for It's the heuristic akgorthm, Overall, it's far more better than the dynamic socutian. For aptimization, the sub-optimized situstion can be
shesred duing the main loop. this can speed up about 30% of the performance

v. Standard Normal Distribution 9

Sotion WiTle e s1andard Narmal sengity nction 8s =, = 2=+ '3/ /T=. For the Matfopoks HISNNGS Aroposal SSINDUNON, We CHOOSS INe UNITaM distibution

on a0 interval of lengin twg centenad al e cument $tale. Froam state s, the proposal chain Moves r, Where £ is unilonmey disibuted on (- 1,5+ 1. Hence,
Ihe condflional density given s 15 constant. wilh

The BCCepiance funclion is &z, f = -

does nol affect ihe acceplance function
M-H Algorithm

Eecauss the np.random.uniform only accept int varables, so the final graph may not be so acurate
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#1g.set_size_inches(3d, 1a)

ple.hist(Xx, 3@,range=[@,1], density<1, facecolor="green’, alpha=@.5)
plt.ylabel("frequency™)

plt.xlabel("x")

plt.xlabel("The H-H algoritha to simulate beta(5,5)")

x = np.linspacefa, 1, 108}

paf - beta(s, 5).pdf(x}

plt.plot(x, pdf)

plt.show! )

) [ 7] -
e 1 e 1

same simulation using R

Histegram of MCMC samples
L
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H = lo88a
x = numerlciN}
K[1] = rbeta(n = 1, shapel = 5, shapel = 5) ## initial wvalue
for(l En L:N}{
¥ = rexp{n = 1, rate = X[i]}
rhe = (dbeta(x = ¥, 5, 5} * dexp(x = X[i], rate = ¥} /
(dbeta{x = X[i], 5, 3} * dexp(x = ¥, rate = ®X[i]}}
print( ¥ )
1f{runif{l) < rho}{
K[1+1] = ¥
} elsef
X[i+1] = X[£]
1

0.2 04 0.6 08

H = l082a
4 = numeric(i}
%[1] = rbeta{n = 1, shapel = 5, shapel = 3) #22 initial value
for{l In 2:m){
¥ = pexp{n = 1, rate = X[1])
rho = (dbeta(x = ¥, 5, 5} * dexp{x = X{i], rate = ¥}) /
{dbetafx = X[5i], 5, 5} * dexp(x = ¥, rate = N[i]}}
print{ ¥ )
If(runif(1) ¢ rho){
X[i+1] = ¥
1 else{
X[1+1] = K[1)
}

MCMC samples

b T ] (1 BRDE WO 8 TN AR
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In [436]:

Comments on the Normal-Normal Conjugacy

e ran the aigoriinm for 310°[4)§ ferations with e seflings 8v=3, 'mu=0, 'sigma*{2}=15 $uau*{2}=4.% and 30=1 § Figures show a histogram of me resufling
araws from e postenor dstribution of $Ineta § The posleriod dsInbution indeed KOokS like 3 Normal Curve, We Can e5imate (N poSIEnon mean and vakance
using the Sample mean and sample vadance. For the draws we oblained, the sample mean is 2.4 and the sample varance is 0.8, Thase ane in close
agreement wilh the theoretical values. 35 ‘wegmnialigned] Ei'theta | ¥=3) &=\frac[trac] 1}{sigma* {2} H\rac] 1){\ssgma*{ 2]} \frac] 1 {itau* (2]} v+ racitrac]1)
(aut (@] rac{1}fsgmat(2)}+ trac{1}[au{2))} 'mu=irac(1}{1+mac(14)) \ooat 3erac(fmc(1H4))(1+frac(144)] \wdot 0=2.8 1\ \operatomame Var)(heta |
=3} &=\rac[1 j{frac]1}isigma” (21 rac {1} aun[2) =" racH {1 +4rac[1}{4]]=0.5 ‘end(aligned) 55

Discussion on different variables
different valises of Sy, mi \sigrat{Z),§ and Sau{Z)s

Ix. Bivariate Standard Normal Distribution ]. O

Cansider a bivariate standard normal distribution with comelation $ihol The bivariale normal distribulion has (he propeny thal conditional detributions are
riormal. If $(X, )% has a bivanate standard normal distribution, then the condstional distribution of X5 ghven 5Y=y$ is nommal with mean $vho y3 and variance
$1-vrho*{2} % Simitarly. the conaiional distnoution of $v§ given $x=x$§ is normal with mean $rho x§ and variance $1-sho™2)5

The Gibbs Sampling algorithm

The Giobs sampler is Impiemented o simulate (X, Y5 from a bevariate standard normal cestributon with comelation $who % Al each step of the algorithm, one
component of a twa-slement vecior is updated by samping from its conditional distnbution gasen the other component. Uipdates switch back and forth. The
resulting sequence of bivanate samples converges to fhe faget dsinbution

1 Initlize: Swenix {0}, ¥_{0ywight) bekamaw(0 003 Sm defarrce 15

2 Generate $x_{m}s from the conditional distribution of $X5 gveen $Y=y_{m-1}5. That is, simulate from a nomal distibution with mean Swho y_{m-1}§ and
vanance §1-rho*{2)%

3. Generate Sy_{m]s from the conditonal distribution of Y5 gven $X=x_{m} .5 That is, simulate rem 2 normal dismbution wiih mean $aho x_{m)s and
variance $1-who*{2)%

4. 5m Yefamow m+15

5. Return o Step 2. \We simuiated 2 bivariate standard nonmal distibution with Siho=080.-0 608 wsing the Gibbs sampler. The chain was nun for 2,000
steps In SUmathim{RIS, Ine culgul is 3 S2000 Mimes 25 malrix

T=2806
rhog=np.array([8.6,-8.6])
sim=np.zeros{{2,2°T)}
sdevenp. sqrtd1-np.power(rhoo, 23} [ 8]
#ig « plt.gcf()
fig.ser size inches(ia, 1)
far rho in rhoo:
for 1 in range{l,T-1):
sim[#][i]=-np.randon.nornal (rha®sim{1][i-1],sdev)
sim[1][1]-np.randon.normal (rho*sinfa]{i], sdev)
plt. subplotd int{“12"+str{np.where]rhoos=rho) f@] [@]+1) )}
plet_scatter{sim[@], simf1])
plt.ylabel("frequancy™)
plt.xlabel{"x"}

plt.show()




Inm [189]:

In [189]:

X. Chicken-Egg with Unknown Parameters 1 O

The chicken-ega prodlem i5 calied chicken or the 2gg causally dilemma, we Suppose 8 chicken I2ys a8 randam number of eggs. SNS, where SN -
Pois{dambda)s. Each egg independently halches with prabability $p& and fails ko hatch with protabiiy $g= 1-p%. Let 53 be the number of eggs that halch
and 3 the number that go not hatch, 5o 5X + = NS The joint FF of X and Y can be seeked for nonnegative intergers $i5 and §3.

Basic solution for the problem

W seek the joint PMF PYX = LY = |) for nonnegabive integers | and |. Conditional on the tolal numBer of 2ggs M. the eggs are mdepencent Bemnoulll nals with
probability of SuC0ess @ S0 by the story of the Binomial, the conditional distibutions of X and Y are X[M = n ~ Binjn.p) and YN = n ~ Binin, g} Snce our lives
would be easier T only we knew 1he total number of egos. le's use wishiul thinking: condition ¢n N and apply the aw of total probabily. This gives
SP=iY=iESigmatuntty_n=01Rx=1Y={N=nP(N=n)3, For 28 possitle values of Sn$, fix Si% and §j5, we have Sbegin{casesiPOi=i Y=jMN=n=01 1\ 1| nineg
=] WPX=1, Y= P (0= Y SjiN=T ) nerfend{cases) s Condiion an SN=i+5. the events $X=i8 and 5Y=j§ ane eactly 1eh same avenl 50 we hawe 1o reduce iL by
keeping S¥=i5; the restis a matter of pluggeng in the Bemomial SPMES 1o get SPX=i|N=i+[)5 Thus, we have & P{X=i, ¥=jj =P(X=i | N=i+)
PN=is|}=taft{\beginfarray}ichi+ \\ hendlamayjuight) p*{i} g} \cdot Wrac(e~{-yambia) Yambda*{r{)}{(+]) 1} =Fracje’{-lambda pj{ilambda py i I} \cdot
racfe"(-Jambda qifambda g 1 § 5o, we have the baskc setng that (1.0 vanabie's margnal PMFs $X 'sim ‘operatomame/Polsiamada qit and 5v
\sim \operatomame [Pois)(lambaa q)5

W can rewnthe ihe FF a5 $[p | X=x) ‘propio PX=x | p) {p) \proplo e*{-lambda plilambda prix} p*{a-1} o4{b-1}5. By M-H and Giobs, we can fix the
varitdas and then make e best guess

Algorithm for Metropolis-Hastings sampling
We have £p | M=x, N=nsim operatormame(Batalix+a, n-u+b)s

1. update SpE from the Soperalomame{Beta){+a, n-+b)s distnbusion

+ sample 3p*") 'wim 1_{pjleftip | p*{{s))'nght)s

« compuie Sr=\rac(l_{0)sefip*{"}. N*{(sirighd) } T_{0)uefip[is)). N*{s}nightls

+ sel Sphiis+1))5 o 8p{)S or Sp{(s))% with probability $imin (1, ()5 and $erax (0.1-1%
2 updale SNS fram the Soperatamame(Pois)ambdal 1-piis cetribution

= sample SN} \sim T_{vieM | NY(s)rightis

» compute S=ifraclf_[0)deftptis+1), NAYnght) H {_{o)befipt{ise1]). NA{isiright))s

« set SN+ 1058 10 SNAET)S or SN[[s S wih probabdity Simin (1, r)S and Sima (0,1-n5

def beta_dist_prob{a,b,x,N):
returnlbeta. rvs (ora,H-m4b) )

def poissen_dist_prob{lambd,x,p):
returnipoisson, rvs{Lanbd* (1-p) j+x)

= np.aeros{ 50088}
= A, Zeros] SE00E)
=1

=1

sigma = 1

lambd=18

K=T

e =n

(p[e].M[a])=(0.5, 3%x)

for t in range(l,58088-1);
p_star = Dera.rvs{xea,N[T-1]-xib,size=1)
alpha = min{l, (poissan dist prob(lambd,x,p star[8]) / poisson dist prob{lambd,x,p[t - 1]1}}))
u = random. uniform{@, 1)
1f u ¢ alpha:
plt] - p_star[a]
else:
p(t] = p[t - 1]
N_star = poizson.rvs(lambd*(1-p[m-1]).5ize«1}4x
alpha = min{1, (beta_dist_prob{a,b.x, N_star[8]) / beta_dist prob{a.b.x. W[t - 1])3}
W = random.uniform(d, 1)
if u < alpha:
N[t] = H_star[a]
else:
L8 8 ] uf+ - 11
beta_dist_prob{a,b,x,N):
returilbeta. rvs (X, H-xib) )

de

- 5

def polsson_dist_prob{lambd,x,p):
returnipoisson. rvsi Lanbd* (1-p))+x)

= AR, Zeros{SE00a)
= Rp. Zeros] S0
1

Ta Ea

=1
sigma = 1
lanbd=18
K=7

{ple]. M[e])={8.5,2*x)

for T in range{l,58068-1):
p_Star = bata.rvs(x+a, N[t-1]-x4b, 85281}
alpha = min{1, (poissan dist prob{lambd,x,p_star[8]} ¢ poisson_dist_prob{lambd,x,p[t - 1]}})
u = random.uniform(a, 1)
if u < alpha:
pLt] - p_star[a]
elsa:
pEEl = pit—A]

[ TR S sdsmss miaPTiskAESE =Fs 874 Slas @hid
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alpha - min{1, (beta_dist_prob(a,b,x,N_star[e]) / beta_dist_prob{a,b,x N[t - 1])3)
u = random.uniform{d, 1)
if u ¢ alpha:

H[t] = M_star[a]
else:

H[E] = Mt - 1]

e
S m— CTTigLsEL_slZe_tnhches(d8, 1a)
plt.subplot(131)
plt.scatter{p,N, marker » ‘', color = 'm*, label-"1", 5 = 3,3lpha=9.5)
ple.xlabel(~x")
plt.ylabel{"#™)
plt.titlel n-X relation')
plt.subplet{132)
plt.hist{p, 5O, density-1,range-[8,08.56], Facecolor-'red’, alpha-a.7)
plt.ylabel("frequency”)
plt.xlabel(“p*}
plt.subplet[133)
plt.hist(H, 18, density-1, facecolor-"green’, alpha-8.7)
plt.ylabel( frequency™}
plr.xlabel(“p™)
plt_show()

-~ i

P simanan ) Metropolis-Hastings sampling

1-H samgpling complstety sohes the probiem of arbitrany probabiity distribution of the sample set requined using the Monte Carlo method, and is therefore
widedy used in real produchion ermvironments

Bl in e age of Big B33 M-H Sampling T3ces heo majer challenges

1. Our dala teatures are very numerous, and M-H samplng requires considerable computational ime at high dimensions due 1o the acceptance rale
compuialional equation $rac]pi]) O PN Qi [)E. and aigorihm efciency is very low. Al ie same time $o(i [1§ is generally less than 1, somedimes
painstakingly calculales bl rejected 15 1T possie [0 80 S0 wilhout refusing ine ransfer?

2. Due 10 the Erge fealure dirmensions, it & ofien even dificult 1o find the pint distibution of the feature dimengions of e targel, butl § IS comenient o fing
tne congiticnal probabaty distribution among ihe features. A this point can we just sample convensently wilh e concitional protabiity distribution
between dimensions?

Givbs sampling may be a good solution to the problem above

Algorithm for Gibbs sampling
We have §p | X=x, N=n sim operatomame(Batajx+a, n-x+b)s

1. Conditional on $M=n5 and $X=x% draw a new guess for $p5 from the Soperalomame|Setalixea, n-xs=b) distributon
2 Conditional on $ps and $x=x5, the number of unhatched eggs is $Y 'sim \operatomame]Pos) lambdal 1-pi)s by the chicken-egg story, 50°we can draw
S5 from the SuperatormamefFois)lambda1-p))8 distribution and set the new guess for SN 10 be SNex=Y1

In [188]: def p_giveN{m o, N):
return{np. randon. beta(x+a,N[m-1]-x:b) )

def N_givenpi{m,x, lambd,p):
return(np. randon. poisson(lambd®(1-p[m-1]) j4x)

KT

[ Loweing wab-tor 700 W Birwt Reguine | lambd-18
anl
b=1

p=np.2eras (58068
Hanp. 2eros (50008

(p[e].n[a])={8.5,2%x)

for m in range{l, 58068-1):
plm] = p_ghveN{m,x,N}
H[m] = N_givenp(n,x,lanbd,p)

fig = plt.gef()

#1g.set_size_inches{48, 1@)

plt.subplob(131)

plt.scatter{p,h, marker = ‘x", color = 'm°, label="1", 5 = 3,3lpha=-8.5}
plt.xlabel{"x"})

plr.ylabel("N™)

plt.title{ N-X relation")

plt.subplot{132)

plr.hist{p, 50, density«i, facecolor='red”, alpha=@.5)
plt.ylabel("frequency™}

plt.xlabel(“p")

plt.subplot(133)

plr.hist(N, 18, density-1, facetolor-"gresn’, alpha-a.5)
plt.xlabel("%")

plt.ylabel | “frequency”}

plt.show()
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In [54]:

In [57]:

Comparison betwean Metropolis-Hastings and Gibbs Sampling

The Ginbs sampier is 3 special case of the M-H aigormhm. To see this, assume that m s an m-dimensional joint disiribution. To avoid excessive nolation and
simplify the presentation, we just consider one step of the Gibbs sampler when the first component is being updated. Assume that Si=(x_1. x 2. x_m5is
the current state. and $§ = (x'_1, x_2... . x_mj$ i5 the proposed stale. The proposal distribution T is the conditional distribution of $¥_15 given $x_2,.__ X_m3.
The acceptance function is Sajl, |) = Wrac{r_JT_{ij{r_iT_{i}}5 We have that Sa_|T_{jf ==(x' 1,2 2 o mt (X 12 ) mjix 1 2 . xm)=mx_1,
®Z. o mprac e 1.2 % mil e 2 X mjdsa 1,02 ko myWacia 1 a2 x mHlee 2 x mydeenx 1,02,
Mt APE2, X m) i 1P 2, e mi=x T_[f3

Thus, $a(l, jh= 1% The proposat state = atways accepted. The same & true for all of the components. The algonthm can be mplemented by edther
succassively updating each component of the m-dimensienal distibution, o by selecting components fo update untonmiy at random

More generally, we have the acceplance protataity is Sirac(ipi_{Doy Nt rhuy H0PLIGOY Ry Xy 1S=Sracipouy iplyh i) chasemio) change: and it
changes! Lol yjcurrents statel sy Goy Hip(x y)piy 51 chosenitol change! and: (5. changes! o\ ylcurrent slatel i) (xy )}

xi. Three-dimensional Joint Distribution 1 O

The random vanables complies the jollowing jomt dstribubons: $$ipide pnjproptoln_Op*x1-p)* neaifecia n}inl}3S for Sx=0.1...n, O<pcin=0.1__% The $p$
vatabile I continuous, Sx5 and $nS are discrete.

'lhr mmm:wbw_m mnmmmmﬂ At itinn A&f the remainn warshise: ol e amlaed e the aach comnonest Mhen eamnling 1he
2. Generate $x_m3 from a tinomial distribution with parameters Sn_{m=1}% and $p_{m=1}%
3. Generate $p_ms from a peta distnbution with parameters $2_m + 1% and 3n_{m-1) - x_m + 15
4. Let Sn_m = z + x_mS, where 525 is simulated fram 3 Poisson distribution with parameter 401 - p_m)5.
5. M e P+
& Return o Step 2

The output of the Gibbs sampler is a saquence of samples SX_0. P_0.N_0), % 1, P_1.N 1) 2 P_2N_2) 5

def x_givenp{m,n,ph:
returninp. randon. binonfal{n[a-1] ,p[m-1]})

def p_glvens{m,n,x):
returninp. Fendon. betalxfm]+1,n[a-1]-x[m]+1})

def n_givepx{m,p,x):
returnnp. randon . polsson(4*(1-p[m] 1)+ xfm] 3

N = SHOES

fl=np. 2eros( SEEE8 )
H=np.Teros(50a00)
P=np.2eras(58068)

(x[®8],p[B8].n[8]}=(1,8.5,2)

for m in range(1,N-1):
x[m] - x_givenp(m,n,p}
p[m] = p_givenxim,n,x}
n[m] = n_glvepxim,p,x}

fig - plt.gef(d
fig.set_size inches(4e, 18)
e
x[m] = x_glvenp(m,n,p}
plm] = p_givenx(m,n,x}
n(m] = n_givepx(m,p,x)

fig = plt.gef()

Fig.set_size_inches(48, 18)

plt.subplet(131)

plt.scatter(x,p, marker = "%', coloe = 'm°, labele'1', s = 3,alphasd.5)
plt.xTabel{"x")

plt.ylabel("P")

plr.title*P-u relation')

plt.subplot (132}

plt.scatter(x,n, marker - "x’, color - ‘0%, label-"1", § = 3,alpha=8.5)
plr.slabel{"x")

plt.ylabel{"H")

plt.title( %= relation’}

plt.subplot{133)

plt.scatter{p,n, marker - "x’, eolor = 'y", label-"1", & = 3,81pha-8.5)
plt.xlabel("P"})

plt.ylabel("H*)

plr.ticle("P-N relation’)

plt.show()

"

#ig = plt.gcfid
Fig.aet gize inches(29, 1)
plt.subplot{121)
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PLL.FIASLLR, 340, UBNMSELYSL, TdLleLulours red , dipnd=o,s)
plt.ylabel{"w")

plt.subplot{122)

plt.hist(p, 58, density-1, facecolor='green’, alpha=8.5)
plE.xlabel("F )

ple.show()

ia

[
an

as 4

In [58]; #ig - plt.Figure()
ax = Bxes3a{fig, rect=[8, @, I, 1], elev=38, azim=18)
ax_scatter(n, x, p marker="o’)
plt.show()

= —

-
B
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Comments on the result

Ciue fo the advanmages of Gibhs sampiing at high-dimensional features, Gibbs sampling is curmently vsed in our usual sense of MCMC sampling. OF course
GiBE S2mping evoiead fem -H sampling, whiss GibDS sampling requares G313 with 3 Ie2s] two dimensons, Samping of ene-dimensional prodabaty
disiribitions is nol possible with Gibos samplng, at this time M-H sampling s1ill hokds

The Gibs Sampler is remarkably versatile, and can be applisd to & lange variely of complax mullidmansional probiems

xii. Markov Chain Monte Carlo for Wireless Networks | ()

Discrete Time - Discrete State - MC

Lets define the state as the binary sequence (3a_1.a_2.a_3 a_[24)8), for every node. ance the maximum ingependent st contains $a_ng, then, it be et to
1

Basic Property

1.1t ig ireducibile, 350 posilive recurent Betause Al the ROGE LN e reached wilhin 24 $leps.
2. From an infial state, we randomly propose a new stale by fpoing & bt unsoemby.

= |fthe new bit s 50 % then i will never cause an interference.

+ Orwe apply the metropolis-hasting algonthm

MEME Algarithm

1. Initlize {$3_1,8_2.a_3. a_(24)3)=5(0. dots, 05

2. Uniformiy choose the state, If the new bl |s $0.5 set it and go back fo step 1

3. Take the acceptance FUNCHON as Sa(l [l=min \[1, p=\exp ] \Deta “denfsumi of new-surm of, cd\ighifngnt)]s, Sibatas is the variable.
4.« i ets e, AOCEm Me new Siate and ga Dack 1o sep 1

[ Treasatng mar: 10w | = O ignone Ihe new state and go back 1o slep 1

In [591]:  beta-np.arange{®.nl,18,8.01)

def valid{arr):
count-2
for a in are:
if d==1:
counte=1
return count
def DT_DS MC{beta):
history=[]
states[B for 1 in range{24)]
for 1 In range(Sa08a):
history.append{valid(state))

Sl el il d o e



AL T T
currents-1
L4 -995000000

#start sleulotion
for teap_current in range(n):
if state[temp_current]--8:
temp=[1 for 1 in state]
temp|tenp_current]-temptemp current]®d
if valid({temp) is not None:
flip=np.random. exponential (1/beta)
if flipeles:
current=tenp_current
les=Flip
else:
flip-ng. rardon. expanential{l/beta)
if flipiles:
CUrrenTs Temg_current
les=flip
Frecauning st 1008 temp-[i for i in state]
temp[ current | «temp[current]*1
return np. areay (histocy)

In [593]: hist=-DTY_D5_HC(18)

hist
Ot [593]: array([ &, 1, 2, ..., 11, 18, ¥])
Comments on OT-D5-MV

A shonm in the graph, when 30eta=103 & comverges fing and e fnal resull is 55 %

Froof in theory

Delermining Me size of 3 maximum independent set of 2 graph $G5 denaled by $Aipha(GLs 15 an NP-hard probiem. Therefane many allempls e made 1o
find upper and lower bownds, o exacl values of SalphalG)s for special classes of graphs

This paper i aimed foward sludying this problem for e ciass of generalzed Petersen graphs, We find new upper and lowes Dounds and some exact values
for SalpnaiPin, ki) 5 WRh & compules program we have oBiained exach values for each Sn=78 § I is conjeciured Ihat the Sze of e minimum verlex cover,
Sibeta(Pin, k)5 is less than or equal 1o Sn+ileficeilfracin){Elnaghtvoeil 3 for a8 $a5 and $.8 wilth Sna2 kS, We prove Ihis conjecture for some cases in
particugar, we show that if $n=>3 k3 the conjecture is valid. We checked the conjectune with our fable for Sn<785 and it had no inconsistency. Finally, we show
that for every fized Sk, 'alphaiP{n, k)i$ can be computed using an algonthm with running tme $0{n)5

The upper bound i$ proved in J5]

Proof L Sy € Spm Wo consiilor b s

Cus 11 J(Sq) =0,

I this case Ti{50) « B So [h S| =< 3 — 1 for any 1 < ¢ 2w, Fwe add
all of these m inecpmlitios wo pot:

3 Sl < (2t {n
Ty rauii 4080 A
i i o Om wvhe aher honed 770 1 1 Sa) = 2k|Ss], simee svery clemomt of S s

MGy < 42k — Vs 0 Plre, K = |5l < ”._,_; '

Casc 2 f{Su) =il
s this e T5({5) o # Skmilar w tho moquality [ s bave:

2] ~ 3 1 roSal = (2 — U+ (T (Sl - [TalSa|
(=]

Ba, b0 poove the theorem, it sffioe to show that there exisls S5 € Sna
wich e [T{ %)l < [Tal Sl

1E we: can show that for any [, ¢ T[S, there exisls an L. ¢ TaiS) so
that Loy deqn-oon I f T Sn), then i Sollows than [Ti{Sal < [FalSul].

O the exsstrary, suppose that there ocats T e T)(5n) B ssch o wiy
thal im the sequence £, fag,. .. hefone we e on element of T3{50], we
wewt an clrmend of Ty{Sg) Withoat e of groceality we con e that
i= 1. By Lesmmnsalll {fy 7S] ds ol thee form depietsl a Figee 3

Smce §y & TigSe), by Corollary 0, 3,0, feas f TiiS0). Based on

b vy

Fein

W sz M TN i
Figure 2 1y wsa Type | segmesri.
Fratasping maf: 1005 oy assiption, fy, Qx| T pn @ Ty Sa)- Tn partiendar, fapgy e TalSo).

Sinee [y £ '!'-:i II | Mm:li[ﬂ Tr I'T'rrrm.il.ﬂw.; # Puu{}n. the wther

i wx N g

Figurr 2 nea Ty | segrseni

anr assmmption, b0, Feien © Te{Sy). In particndar, by € Tal Sab.
Sinee [y & Tyl Sy, by Loinemn B we baove mag g, v gp @ 5. O o ol
liewl, wae o that S st hovee ot veries T ench olge s where
26+ 2 <0 £ Ak Simee 2k +2 < 2k 4 3 < 4k, cithor ugi ey or vhes € S
Bt notice that e i adjmeent w0 vy which & in So, for k= 2. o,
vaisa B Sy amel wagg g mmst bo im S This means thot wsga & Sa Now,
dolise 5y = (554 fum ] U {wgnag ] Do can oasily won th 5 £ 8,
Basnd an the dhwobie of 59 £ S, fi50) = f(5). Thenefore, there nst
be an index 2 < r < moso that & £ T[S0 TilS) Smoe Sy and 5
mgrve on every eloment exoept uge amed mig g, the onby malbdaee for e
r= 2k b L S0 Py & TalS) ) nel Py # Ti(S0). Miwaovir [y e T)(50)
and §y £ TiiS). Thus f{So) = fi5). By PropositionD, S € Se.
Matioe that if any of B oo, Taes, .. 1 are of Type i with mepect o
Sio thew pre of Typar ¢ whily fospoct Lo S, e well, S, b il s
Taeg Fuya, - - -y Iy any Type 3 sgeent with repect to S appears sl
tor am clement of 'lb'pr. I with respect 1o 5. Simoe fmpy & 150 tw



Carsllnry 0 Faesn. ks s diwen € 10l ) Then o omr ssaimption
Ta e Muga. . Jagn € Tal5).

This mesae thok the same argament can ba applied o S1oond il we
dofime Sa o= (S Y {use)) U Juaeenl, then 53 & Suis, T we ooy

l.I- ly pupst. thsie argamnent b Sy, S, Sy Se whens o~ | 5] and

= [ |\1um]JUItm ] them wee observe that 8, ¢ 8, ol fyy 40 €
?l[bfl ....... m, and nome of fq. 0y ..Jg*,.,,“ M,,:,_,|||1
an of F:ii‘l‘ I mlh rosgroct, b Sp Al Fyygipipen for i = I

are of Specaal tvpe 2 with respaes b 5 Sinee 8, ood Sy sgooe an l'||u
Taiis, Frmagn, oo o, then daegigjen for 8 = A, I.. <oqru mre of Spocial

= 1 type 2 with repect 1o Sy

s Trn st hoer womsb, 08 Jy Poonges v Ty (S anid the et ohoment of T3(50) s

peirs befuee i Brat cemont of T3{S5g) in the soquenes £y, Iy, Ty, ... then
all of Fapa, Binits - Bt sty Bigmanyr ame Specinl yype 3 with nepect
o S, biv paticilag, Py s of ﬁ-ml dagur 2 -Ili| et o Sy
A Bt € Ti{Sa), by e B o101, S5kt 1ot € e aid
mimoe &, and Sp agree oo the Joi o, M s, .. 0y w0 concinde that
Wk 1)1 PR 1)L S
M cotuider e e

@ 2w b Upp Im ] {mod n)
Smoe by isof Special grpe 2 with mespect b S, by Lemmmad, we
hawe waimsiiz — w § S This s o contradiction s we asmamed

Iy & 18] and ddareliare uy & Sa,

@ Do U b D i L (o w):
Smee By & ThiSe), by Lemmall wa, ve € 512 Ao we enow thal

Wm0 € Si T, Bignpiper i of Type 3 with
ropuct b Spomned woew of Tg, T, Fadjady nre of Type | with
respiet b S which bs o comtrodieton.

Befm+ 1)+ 1 =0 {mod nj

Iy i=of Type | with rospoct 1o S5 and For cvery 10 < m B
I il Sprcial iypw 2 wiih respeact W Sy In partieober, B o i
o Special type 2 with nepert e Sy, wwl thimefors vae i -
Primeti-k48 £ Sp, (S Figare @) On the other band, v & 5
oo fy € Ti(Sah, wonl inen m o= Belim 4 1) + 1.1 i aclisonn v
ot 1) k42 TS 8 0 canbradictian

5o im all the cases, we get & oomtradiction which means, afier amy Type
| seggmrent {5 Type 2 vegmeni £ will appoar befone we mo another Type
1 msgireet. This nseness that [T30800] < [Ta{5g)] aml the oo Rallows,
s we argued carlier. -

Continuous - MC
For the conlinuous case, we will just modify the above melhod. We have 2 diferent situations.

Continuous Time - Discrete State - MC

To begn with, the vakie funchon we usa in contnuous time is the otal tme @ stops a1 a slale (Sequence)AS we know the CTMC will stops at a state with
exponantially amount of time, 50 mone @ state is visited, the maore time it will stop on this stake m total So the algorihm is almast the same except thal before
entening next loop. we wil add the cormespanding stop time to each siate which is sampied from exponental distribution

MCMGC Algerithm

1. Initislize ($a_1,8_2.a_3._a_{24]3)=5(0. Udols, O)S
2. Uniformily choose the stale, more & stale k& visiied, the more time it will stop on this state in 1otal
3. Take the acceplance function as $5'alpha_T} \equiv im _{t wightasrow unfiy) P_[L [} 'equiv dm _{t \nghiamow infly} POXT=] | X{0j=tl=\mn i1, p=lexp
Uehy Jambds “Uenfsum of new-Sum of alkfright]ight i} $5
4.« ITi 5615 frue. docept the new stale with ihe fundtion S$alpha_(j) \equev Vim _{1 rightarow tinfty} 2 _(i )0 \equiv tim _{1 ghtarmow infty} PUX=] |
HK{M=iEimin Y1, p=texp deft mu “defifsumi of new-surmi of oldnghilinght }}55 and go back 1o step 1
» O ignone the new state and go back to step 1

S0, we can $e2 thal CT-DE-MC s srdar b DT-DE-MC alner than he conlinigus connecied vanaies And i nas an imponant concept nal & reversibility

In [529]: def valld{arr):
CounT=@
for a in arr:
if a=-1:
countesl
return count
def CT_D5 _MC{paral,parai):
historys[]
state-[0 for § in range{24)]
for i in range(se2a):
history.append(valld(stata))
#initiol ization
#stort siaulotion
for temp current in range(m):
if state[temp_current]--&:
temp=[1 for 1 im state]
temp|temp current]-temp)temp current]™l
if walid(temp) is not None:
flip=np.random.exponential (i paral)
if flipeles:
current=tenp_current

les-flip

else:
Flip=ng.randon.exponential{i/paraz)
if flipcles:
currentsTem_current
les-flip
tamp=[i for i in state]
remp| current | =temp | current]*1
state-tenp
return np.array(history)

In [527]: hdst=CT DS_MC(1,2)
i=np. srange|coas)
plt.plot{i, hist, "r=")
plt.xlabel("steps”)
ple.ylabel( the independentsel”)
plt.title{ the indopendentset with steps with (paral,para2)=(1,2}")
plt.show( )

tha ind: ds with steps with {paral. parali={1.2}
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In [533]:

EE B
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B iFSpandan el

hise=[]

paral=np. arange(d. 81,18 @

for para in paral:
hist.append{CT_D5_ML(

plt.plot{paral,hist, "'r-'}
plt.xlabel(“paral”)
plt.ylabel("the maximum i

plt.title{“the largest with (paral,paral}=(var,1}™)

plt.show( )
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.81}

para,1)}[4298])

ndependentset™)

the largest with (paral para2i={var.11

il e
E B & =
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hist=[]
paral=-ng.arange{d.Bl,1a,d
tor para in paral:

hist. append(CT_DS MC{

plt.plot{paraz, hist, "g-')
plr.xlabel("pars2"}

18 1
4
4
84
&1
| -
i 2 H & ] w0

paral

.81}

1,para}[4958T)

plt.ylabel("the maximum independentzat™)

plt.title( the largest with (paral,paral)={var,1}7)

plt.show )

the largest with (paral paraz)={var.1]

=
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Comments on CT-DS-MV

Az shown In the graph, when 3dambada =1, Wmu=15 It converges fine and the finai result is 39%
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