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1 Data Flow Analysis[njuswanalysis|

Data-flow analysis is a technique for gathering information about the possible set of values calculated
at various points in a computer program. A program’s control-flow graph (CFG) is used to determine those
parts of a program to which a particular value assigned to a variable might propagate. The information
gathered is often used by compilers when optimizing a program. A canonical example of a data-flow analysis
is reaching definitions.

1.1 TIterative Algorithm

L XTF—E kAT AR CFG, AR EEX T node n 53§ OUT [n].

2. BBLERBEEMHFIEASR (domain) & V, L4k 564l VF = (OUT [n,],OUT [ny],...,0UT [ny]) $,$V* €
(Vi x Vo x oo x Vi) VP EI—REERF=AE R, RERSER VE, TR ER S transfer
functions il control-flow handing fidELHE R F : VF — VF

3.4 VE S VE R Bl X = F(X), B F(z) 78 X RFE T ARG, X 8 F(z) ARSI,

1.2 Poset & partial order (fm)FERIETE)

We define poset as a pair (P,5) where C is a binary relation that defines a partial ordering over P, and
C has the following properties:
1. Vz € P,x C z (Reflexivity, H k)
2. Ve,ye P,a CyAyCaox=x=y (Antisymmetry, RXJFRIE)
3. Vr,y,z€ Pe CyAyC z= x C z (Transitivity, £ E)
PSR —Jcdl (P,C), P A—&E, = ARG E—FE X R, XA o4l inr 424 HACY
EATCRIER R LWL B SO PRMERIL .
M) L — MR PR DN ICRA —EATENT X FR (EEWITREA—ER LRI

1.3 Uppper and Lower Bounds ( -5tfIF5E)

Given a poset (P,C) and its subset S that S C P, we say that w € P is an upper bound of S if
Ve € P,x C u. Similarly, [ € P is an lower bound of S, if Vx € P, [ C .

WK, {a,b,ct 2S W ER (KE) , {} 2S5 B



14 shER. RXKFR 2 LATTICE, SEMILATTICE, COMPLETE AND PRODUCT LATTICE
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lower bound
1.4 FbER. BATR

We define the least upper bound (lub or join) of S, written LIS, if for every upper bound of S; say

u,US C w. Similarly, We define the greatest lower bound (glb or meet) of S, written MS if for every lower
bound of S, say [, C MS.
FER, ST AW NICRIEGS = {a, b}, US AIAE NaUb , A NS AIAE Ra b .
HE: (Bh) ERFA (RR) TR EA PR E TN, mETAARSA—EETEY, FH:
L R 7S AFTE Tub 3% glb (ASERTK G RIEGHIA S Tub)
2. QR —AMi P ARAFAE lub # glb, HAEZME—H)
UEWT: gl Al g2 [A2h P Y glb, ABAMRIETE L g1 T (92 = NP) I H. g2 C (g1 = NP), XA SRFR
PE, FTPA g1 = g2

2 Lattice, Semilattice, Complete and Product Lattice

2.1 Lattice (%)

Given a poset (P,C),Va,b € P, if allb and aMb exist, then (P,C) is called a lattice.
WA 7 SRR A TR D EARAFER K TR, IB2xX—w7ae— M

2.2 Semilattice

/N B A0 SRRk . JAFEFE R/ D ERFRA “join semilattice”, WAFFEAK
FREFRA “meet semilattice”,

2.3 Complete Lattice

Given a lattice (P, C), for arbitrary subset S of P, if LIS and 1S exist, then (P, C) is called a complete
lattice.

— M P EE B TR R N ER AR TR, IBAEAMRIT S A A A — i
RITEK top (T = UP) Flig/NTER bottom (L= MNP) firfA TR A MRAH (finite lattice) B2k, (RZ A
S7)

2.4 Product Lattice

Given lattices Ly = (P1,C1), Ly = (P, 5)) ..., L, = (P, C) n), if for all 4, (P;, C;) has Ui (least upper

bound) and II; (greatest lower bound), then we can have a product lattice L™ = (P, C) that is defined by:



2.5 Data Flow Analysis Framework via Lattice 3 MONOTONICITY AND FIXED POINT THEOREM

1. P=P, x...x P,

2. (21, n) T (Y1ye e sUn) © (@1 Cyr) Aec oA (20 T yy)
3o (w1, @) U(yny ey yn) = (@1 Uy Yty e oy @0 Uy Yn)

4 (1, ) VW1 Yn) = (@11 Y1, - T T Yn)

Product Lattice {/3& Lattice, &1 4tk IARPER M.

2.5 Data Flow Analysis Framework via Lattice

— NI RATHEZR A AZR =004 (D, L, F), Ho:
1. D: 385R R 7 1], ie., forward or backward;
2. L : }§ lattice, ZMF/R A domain {3, PAM meet () 2§ join (U) #1E;

3. F: —2{ transfer function.

3 Monotonicity and Fixed Point Theorem

Monotonicity A function f : L — L(L is a lattice) is monotonic if Vz,y € L,z C y = f(z) C f(y) ¥

A BRI BRI A HE

3.1 Fixed-Point Theorem

Given a complete lattice (L,C), if (1) f : L — L is monotonic and (2) L is finite, then the least fixed
point of f can be found by iterating f(L), f(f(L)),..., f*(L) until a fixed point is reached the greatest fixed
point of f can be found by iterating f(T), f(f(T)),..., f*(T) until a fixed point is reached.

WAV H L AR, IAAEAR S, N ETFIGE AT [ S/ ARSI, T IR AT RN Bl .
UEW]:
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A f R, it
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T LA (finite) f9, BILESTFE—A &, 4
Fre =) = )

(2) Least Fixed Point (BH3%, WEMHR/DN) BBFNTE T — AR x, Le, 2 = f(2) (RIEME) i EAYE XL,
A L 2 N B -
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5 MAY/MUST ANALYSIS, A LATTICE VIEW*

4 Relate Iterative Algorithm to Fixed Point Theorem

QAR 25 AR SRR RIAS Bl 5 B R R 7
1. BB P E—URES — product lattice
2. Transfer function Fl join/meet fucntion W PAFL A F

(Ir: L_s weny L) If a product lattice L* is a product of complete
O S S (and finite) lattices, i.e., (L, L, ..., L), then L*

- (L, L, .., 1) is also complete (and finite)

iter | s (U%, 1?%, ...,v&}

iter 2w (p2_ p2 - : " _ . 2
e NSRRI In each iteration, it is equivalent to think that

o _ we apply function F which consists of
LA U D NI (1) transfer function f: L — L for every node
A O RN YR (2) join/meet function U/M: LxL — L for

control-flow confluence
T HFREHIER] Transfer function 1 join/meet function ¥ A B 4 Bl A
1. Transfer function J& AR, KOMEEZ BT, FrA Gen/Kill 1)k B#k i B ;
2. Join/meet function J2&HIFK, WEFHIT
FIE Join/meet function, &%k

Ve,y,z€ Le Cy—axUzC —yllz

U B, yCylz, TFE&AEME cCy, Wit e Cylz, Wb yUz 2 o i B, RS yUz i 2
MER, MUz 2oz We/DER, Atz Cy=aoUzCyUz

4.1 WRTESEE
EXAEHIE R top & bottom (K 842K, The height of a lattice h is the length of the longest
path from Top to Bottom in the lattice. fIRMEILEI—RER, JRAL— AL, IR O(hx k).

5 May/Must Analysis, A Lattice View™

TEAT AT RIIEARSHER A unsafe 2 safe. FXFF &R, MG OTERE, YT HIER R
safe, X2 b unsafe, Wi safe RICHAY (A0ZeFHE oM ILEd)

Must Fll May 3HTER B EAN T EFR, 3T Must 2087, S REHREEN T FE0, FER T —
TFih, BN REE a7 1 (BINfEE Fas bt BHA A Fab UE 2 BE
i) R NALERIRES, S RWRER, BB PSR AASS, BREALE T truth 5 (FF
M), HEXEERRIER T (B T E safe (FUZEERBBERE LT ), XX seab R RERf fRe 7 A
£ (safe),

FF May 4081, BARIBEN L FF4G, BIgE—HFhG, BRI S S8R R RN g (B
BT, BRI SCHRCA HT i ) XJE May REIRG AR, Sl ABRE, &
VERWT ETH R BB, FREIL T truth (RR) , XU MAIEAFTE B, FIEIKINEAE safe X,




6 DISTRIBUTIVITY (4-fiztt) AND MOP

All expressions All definitions SEICRT
bl | must be available may reach | KRt

Less

.........

GGreatest
Fixed Point

No expressions No definitions
_|_ are available can reach

6 Distributivity (43fidtE) and MOP

6.1 MOP (Meet-Over-All-Paths Solution)

B os, R F, &L P W) transfer function, AF4 MOP [S;] = U/ Ma path P from Entry to S,
F,(OUT|Entry))

P - Entr‘y')sl-) 51')...-)5i

Entry

Transfer function F for a path P (from Entry
to S,) is a composition of transfer functions for
all statements on that path: fg,, s, ..., fsiq

MOP[s)= L /M  Fp(OUT[Entry))

A path P from Entry to S

MOP computes the data-flow values at the end of
each path and apply join / meet operator to these

values to find their lub / glb

Some paths may be not executable < not fully precise
Unbounded. and not enumerable =» impractical

UL, Z HTERA ) 25 R R, T MOP 145 F 02 A2 BUskny, Ban T~ B Fs i8R, , B
TSR IN [s4] = fs, (f5,(OUT[ entry [)U fs,( OUT [Entry ])), iiii MOP /& MOP [s] = fs, (fs, (OUT]
entry |)) U fs, (fs,(OUT[ Entry ])) ( #& fs, HIOZE)




6.2 Iterative Algorithm v.s. MOP 6 DISTRIBUTIVITY (%4#t) AND MOP

Entry

(// AN

S, S, |

NN~
L1

S,

w

6.2 Iterative Algorithm v.s. MOP

MOP [t Tterative 4»Hr SREHf, MOl @ ULEK AR UL BURERS A, T biEs GX B T4k 612
G, e R IR ) -

SR, 24 F 2 distributive (F 240 HC%) B}, Interative il MOP —#FEHER .

BitVector & Gen/Kill [ (set union/intersection for join/meet) #2270 Bl

6.3 Constant Propagation

Given a variable x at program point p, determine whether x is guaranteed to hold a constant value at
p RTAERRT A p AR x, I x B NTE p ROV DR
ISR XTG> CFG 454, MR— (ov) 56, x B, v & x (il

6.4 Lattice

Domain: UNDEF — {...,—2,-1,0,1,2,...} = NAC,— /8 C X & Meet Operator L
NACMv =NAC

UNDEFNv=w

cMv=NAC (c H—iF&)

clle=c

c1 Mey = NAC

ol W=

6.5 Transfer Function
118 transfer function, ¥ F— M R{HIER] s:x = ... K, EXFHF K
F : OUT[s] = genU (IN[s] — {(x,— )})

-s:ix=cgen = {(z,0)} -s: x=1y; gen = {(z,val(y))} - s: z =y op z; gen = {(z, f(z,2))} M f(z,2) A=
i oL
val(y) op val(z) //if val(y) and val(z) are constants
fly,z) = ¢ NAC // if val(y) or val(z) is NAC
UNDEF // otherwise



6.6 function Tt 4Bk 8 SPACE OF DATAFLOW ANANLYS [CS153LEC18]

6.6 function ANji e 2 fctE
WREFR, F(XNY) dh C ik NAC, ffi F(X)NFY) B C R 10, FEHL F R 2.

Entry
/ \ F(X N'Y) = {(a, NAC), (b, NAC), (¢, NAC)}
a=1 a=9 F(X) N F(Y) = {(a, NAC), (b, NAC), (¢, 10)}
b=29 b =1 FIXNY)# FX)NFKY)
x\ /Y F(X NY) € F(X) NF(Y)
c=a+b

7 Worklist Algorithm

Iterative Algorithm B{tfk, Iterative fFAETTAHYTT5E, 1M Worklist HiT5E 25k node:

OUT [entry] = ;
for (each basic block Bl\entry)
OUT[B] = ;
Worklist+all basic blocks
while (Worklist is notempty)
Pick a basic block B from Worklist
0ld_0UT= OUT[B]
IN[B] = OUT[P]; # join/meet P4 B 3 B ft & 4
OUT[B] = genB U (IN[B] - killB); # transfer function
if (01d_0OUT OUT[B])
Add all successors of B to Worklis

7.1 itk

L iU R RRRALE, TSR iR AR,
2. BRARUR: B EAR R AR AT AT

75 WA e e

8 Space of dataflow ananlys [cs153lec18]

May Must
Reaching Available

Forward .. .
definitions expressions

Very b
Backward | Live variables ey Flsy
expressions

8.1 Available Expressions

1. An expression e is available at program point p if on all paths from the entry to p, expression e is
computed at least once, and there are no intervening assignment to x or to the free variables of e
2. If e is available at p, we do not need to re-compute e
(a) (i.e., for common sub-expression elimination)
3. How do we compute the available expressions at each program point?
Formally:
1. Suppose D is a set of expressions that are available at program point p
2. Suppose p is immediately before ” x :=e;; B’

3. Then the statement ” x := ¢e;
(a) generates the available expression e;



8.2 Reaching Definitions 8 SPACE OF DATAFLOW ANANLYS [CS153LEC18]

2.3

X := a + b;
3.{a+b} _—
y i=a * b;
4. {a+b, a*b}
5. {a+b, a*b} «———— {a+b} 10.
6. {a+b, a*b} {a+b} 11.
7. {a+b, a*b} .E {a+b} 12.
8. o
9. {a+b} (Numbers indicate the order that the

facts are computed in this example.)

(b) kills any available expression e in D such that x is in variables (e2)
4. So the available expressions for B are: (D U {e;}) — {e2 | x € variables (es)}

Stmt Gen Kill
X:=v {v} {e|x in e}
X 1= V] 0D Va {viop va} | {e|xin e}
x = *(v+1) {} {e|xin e}
i) = x 0 0
Jamp T 0 0
return v {} {}
if v1 op v2 goto I1 else goto L2 {} {}
X:=V(Vy,...Vy) {} {e] ine}

Transfer function for stmt S : AD. (D U Geng) — Kill g

8.1.1 Aliasing

You can use Aliasing to save register!
1. We can tell whether variables names are equal.
2. We cannot (in general) tell whether two variables will have the same value.
3. If we track * x as an available expression, and then see *y := €', don’t know whether to kill * z
4. Don’t know whether x’s value will be the same as 1’ s value

void accumulate_restrict(int* restrict source, int len, int* restrict target) {
for (int i = 0; i < len; i++) {

*target += sourcel[i];

8.2 Reaching Definitions

1. A definition x := e reaches a program point p if there is some path from the assignment to p that
contains no other assignment to x

2. Reaching definitions useful in several optimizations, including constant propagation

3. Can also define reaching definitions analysis using gen and kill sets; combine dataflow facts at merge
points by union



8.3 Liveness 8 SPACE OF DATAFLOW ANANLYS [CS153LEC18]

Define defs(x) to be the set of all definitions of variable x

Stmt Gen Kill
d:x:=v {d} | defs(x) — {d}
d:x:=vyopvy| {d} |defs(x)—{d}
everything else

Di, [L] = U{ Doyt [L'] | L in pred [L]}
2. Transfer function for stmt S : AD. (D UGens) — Killg

8.3 Liveness
1. Variable x is live at program point p is there is a path from p to a use of variable x
2. Liveness useful in dead code elimination and register allocation
3. Can also define using gen-kill sets
4. However, we use a backward dataflow analysis i.e., instead of flowing facts forwards over statement
(computing Do, from Dj, ) we flow facts backwards over statements (compute D;, from Doy )
Stmt Gen Kill
X:=v {v| if v is variable } {x}
X 1= Vj Op Vg {viliel,2,v;is var } {x}
x = x(v+1) {v | if v is variable } {x}
*(v+i)=x {x}U{v | if v is variable } | {}
fump L 0 0
return v {v | if v is variable } {}
if vi op v2 goto L1 else goto L2 {viliel,2,v;is var } {}
X =V (V1,...Vp) {vi]i€0.n,v,; is var } {x}

1. i.e., any use of a variable generates liveness, any definition kills liveness
2. Doyt [L] =U{Ds, [L'] | L' in succ[L]}
3.
Transfer function for stmt S : AD. (DU Gen g) — Kill 5

a,b s
X :=a+b
“«—— x,3,b 7.
y = a * b;
14. x,y,ab l X, y,a 6.
13. X, ¥ab X, Y, a 5.
y > a
12. X,y b X 4.

l \4— X 3.

11. y,a, b

a := a ; return x
— O 2.

. yab > 2.
X :=a+b

9. X, ¥a

5. X, ,a,b

(Numbers indicate the order that the
facts are computed in this example.)
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